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Doublet-Point Method for Supersonic Unsteady Aerodynamics
of Nonplanar Lifting-Surfaces
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Indian Institute of Technology, Kanpur 208016, India

A new method is devised for the calculation of pressures and aerodynamic influence-coefficients on nonplanar
lifting-surface configurations oscillating in a supersonic freestream. The method is an extension of the meth-
odology introduced in the planar supersonic doublet-point scheme, which is based upon the concept of concen-
trated lift forces and uses the acceleration potential doublet as an elementary solution of the wave equation.
These features make the method capable of being incorporated in a unified code for both subsonic and supersonic
speeds, as well as amenable to rapid aeroelastic calculations. Results on various lifting-surface configurations
are in agreement with other supersonic oscillatory methods, validating the doublet-point approximation in
nonplanar supersonic applications.

Introduction

F OR studying the aeroelastic characteristics and aeroser-
voelastic interactions of modern supersonic aircraft, an

efficient method of predicting the unsteady supersonic aero-
dynamics of practical lifting configurations is required. The
unsteady aerodynamic loads due to a general motion of the
structure can be derived from those arising out of simple
harmonic motion, by using analytic continuation in the La-
place domain. Hence, an oscillatory supersonic lifting-surface
theory becomes necessary. The supersonic counterpart of the
subsonic doublet-lattice method,1 which is well established
for its amenability to aeroelastic calculations, has been sought
in the past2 without much success. Nevertheless, motivation
for a supersonic scheme with enough commonality with the
subsonic doublet-lattice method to have a unified code for
both the speed regimes, has persisted.

Garrick and Rubinow3 presented an integral equation for
the supersonic velocity potential source-strength. The most
common velocity potential solution procedure is the Mach
box method introduced by Pines et al.,4 and further refined
by several authors.5"9 Difficulties with the Mach box method
include the necessity to evaluate velocity potential in dia-
phragm regions off the lifting surface and the dependence of
the grid on Mach number. The refinements suggested to al-
leviate these difficulties add complexity to the method. An-
other velocity potential approach is the extension of Eward's10

steady-state theory to the oscillatory case by Burkhart.11 This
scheme eliminates the need for diaphragm regions, but is
limited to planar applications.

Jones and Appa12 proposed the potential-gradient method.
They used a series expansion of the kernel function, which
made the scheme less accurate at high frequencies. Hounjet13

avoided the series expansion by using an integration scheme
similar to that of the subsonic doublet-lattice method1 for
directly downstream receiving points. Chen and Liu14 applied
another approach to avoid the series expansion by using a
parabolic curve-fit for the exponential part of the integrand,
in order to integrate the dipole spanwise singularity of the
planar kernel. The schemes of Refs. 12-14 needed to consider
the wake region between lifting surfaces. Also, the compu-
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tation of pressure influence-coefficients required additional
steps in these schemes since they did not formulate a direct
relationship between pressure and normalwash. Appa15 re-
derived the potential-gradient integral equation and arrived
at a direct relationship between pressure and normalwash.
Reference 15 also showed that the kernel could be expressed
in a form analytic on the Mach cone, and evaluated the non-
planar interference by using a finite difference approximation.
There was no need to integrate on the wake region lying
between the lifting surfaces. The recently published Har-
monic-Gradient ZONA51C scheme of Liu et al.16 uses the
same integral formulation as Appa.15 Reference 16 claims to
handle all kernel integrations analytically, but an absence of
details prevents meaningful discussion. It is also implied in
Ref. 16 that the method uses a doublet-lattice type curve-fit
approximation (cf. Ref. 14), which appears to contradict the
claim of exact integrations.

The third category of supersonic lifting-surface methods
adopts the acceleration potential doublet as the elementary
solution of the wave equation. The advantage of this approach
lies in using the same integral equation as that for subsonic
flow. This integral equation can also be obtained by using a
rederived potential-gradient formulation.15-16 Watkins and
Herman17 derived the integral equation from the acceleration
potential approach. Harder and Rodden18 provided the non-
planar kernel function for the integral equation. One solution
procedure is the kernel function method of Cunningham,19

which uses assumed pressure polynomials whose coefficients
are determined by satisfying the normalwash boundary con-
dition at a number of collocation points. Lottati and Nissim20

developed a variation of this approach by employing box-like
divisions with a continuous pressure polynomial in each box.
The supersonic kernel function methods19-20 are extremely
sensitive to the choice of pressure polynomials. Ueda and
Dowell21 proposed another type of acceleration potential
scheme, called the supersonic doublet-point method, limited
to planar applications. It uses concentrated lift forces (or point
doublets) and an averaged normalwash for discretizing the
integral equation. The most attractive feature of this scheme
is that it affords the greatest degree of similarity between
subsonic and supersonic calculations. Ueda and Dowell22 had
earlier devised a subsonic doublet-point method using the
same concept of discrete acceleration potential doublets and
distributed normalwash. Questions arose23-24 about the valid-
ity of the doublet point approximation, since it reversed the
traditional discretization procedure. However, Ueda and
Dowell21-22 demonstrated the concept's validity for planar cases
in both subsonic and supersonic calculations. The subsonic
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746 TEWARI: DOUBLET-POINT METHOD

and supersonic doublet-point methods can be combined into
one code since they differ only in the kernel integration. This,
and the concentrated lift-force assumption of the doublet-
point scheme, are invaluable features when repeated aero-
elastic calculations are to be carried out efficiently. Tewari25-26

extended the supersonic doublet point method to nonplanar
applications. When compared to the planar kernel function,
the nonplanar kernel is of a very complicated character, with
strong Mach cone singularities. The normalwash averaging
procedure has to account for Mach boundary curvature in
nonplanar interference, leading to many more averaging cases
than a planar configuration. As a consequence, the general
nonplanar supersonic doublet-point method is a much more
complex undertaking than the planar scheme of Ueda and
Dowell.21

Integral Equation
The integral equation relating pressure difference ampli-

tude ACP across the lifting surface at point (X, Y, Z), and the
normalwash amplitude w at a point (£, 17, £) on a nonplanar
lifting configuration placed in a uniform supersonic freestream
of velocity U and oscillating at a frequency to, is25-26

(1)

Upstream Mach Cone

- X, 77 - Y, £ - Z, o>) dX dY

The integration in Eq. (1) is performed over that area W of
the lifting-surface which is contained within the upstream Mach
cone emanating from the normalwash point (Fig. 1). The
kernel function in Eq. (1) can be expressed as

K(x, y, z, k) = *,(*, y, z, k)T, + K2(x, y, z, k)T2 (2)

where

7, = cos(yr - y,)
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Xl = (x - MR)//32, X2 = (x 4- MR)//32

= (f - A'Vft, y = (TJ - Y)/6, z = (£ - Z)/6

r = Vy2 + z2

M = [//fl

/c = w6/i/ is the nondimensional reduced frequency, b is a
reference length, and y, and %. are the dihedral angles at the

Fig. 1 Coordinate geometry and integration area.

sending (pressure) and receiving (normalwash) points, (X, Y,
Z) and (£, r/, £), respectively, and a is the speed of sound far
upstream.

Discretization Procedure
Grid boxes are obtained by using spanwise and chordwise

divisions. Two distinct approaches are available for discretiz-
ing Eq. (1). The first15-16 assumes a constant pressure in the
yth box, and evaluates the normalwash at the ith control point.
The assumption of constant pressure allows AC;, to be taken
outside the integration sign in Eq. (1), which is carried out
over the area of the pressure box intersected by the upstream
Mach cone. The other discretization procedure is the doublet-
point method,21 which assumes a concentrated lift force A^CP
in each box, whose nondimensional area is Af, giving the
nondimensional pressure difference in the yth box as

A^CP(X, Y)8(X - Xj)8(Y - Yt)

where d( ) is the Dirac delta function. Furthermore, it is
assumed that the normalwash in the /th box can be repre-
sented by an average value w, such that

(5)

where AW is the part of an averaging region lying inside the
downstream Mach cone emanating from the load point (A!},
Yj). The discretized integral equation then becomes

K(x, y, z, a>) dX dY (6)

Ueda and Dowell21 selected a rectangular averaging region
for the normalwash, with the area and width the same as that
of the receiving box, and displaced downstream such that its
leading edge passes through the box center (Fig. 2). The load
point is assumed to be located at the center of the sending
(pressure) box. These choices of the normalwash averaging
region and the load point are found to be numerically justi-
fied, although no analytical reason is offered for them in Ref.
21. Furthermore, it was found26 that such averaging regions
work when all the boxes are of a uniform width. Trapezoidal
averaging regions are also possible,26 but they increase the
number of cases of Mach cone intersection dramatically. All
boxes have side edges parallel to the freestream for simplicity.
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Fig. 2 Discretization and averaging geometry.

Equation (6) requires integration of the kernel function.
However, the kernel function has singularities on the Mach
cone where R — > 0. In order to integrate these strong sin-
gularities, the kernel function is simplified to a form given in
the Appendix. Since a direct integration of the singular os-
cillatory kernel is not possible, it is further separated into
steady and unsteady factors. The steady factor is obtained by
letting k = 0, and is expressed as

KJx, y^)= - 2/r2)] (7)

The unsteady factor is obtained by dividing the kernel function
by K,:

Klt(x, y, z, A:) = K(x, y, z, k)
(8) Fig. 3 Averaging cases of Mach cone intersection.

The unsteady factor Ktl, containing the oscillatory terms, is
analytic on the Mach cone, and it can be shown that

lim KM(x,y, z, k) = - [exp( - ikM2r//3)]/T2 (9)

Since the unsteady factor is varying slowly inside the averaging
region, it is evaluated at its center and taken outside the
double integral sign. Hence, Eq. (6) becomes

I A,. I L K d, d,
(10)

where subscript m refers to the centroid of the rectangular
averaging region. As Eq. (10) indicates, only the steady kernel
must be integrated. The region of integration AW is obtained
by the intersection of the Mach cone with the averaging re-
gion. The equation describing a Mach cone is x2 — (32(y2 +
z2) = 0, while an averaging region can be expressed as z =
y tan( yr — ys) + h, where h is the vertical separation between
the sending and receiving points. This gives the equation of
the Mach boundary which bounds the region of integration
AW upstream as

y = [-h tan(y, - ys)

- /*2]cos2(yr - (H)

Figure 3 shows the various possible cases in which the Mach
cone can intersect an averaging region.

Kernel Integration
In order to integrate the steady kernel, the integral

[*b (yh= 1 I *,(*,
Jxu Jya

r) dy dx

is divided into three parts, / = /, + 72 + /3 where

*a, *b> ya, yb denote the limits of integration corresponding
to the area AW. The integrals /, and 72 are seen to have a i
power singularity as R -> 0. This singularity is removed by
using the relation

dR
dx

x_
R (12)

When this relation is incorporated into the integrands, the
two integrals become

/! and 72 are nonsingular and can be carried out analytically.
Integral 73 contains a i power Mach cone singularity, whose
treatment requires the consideration of the following integral:

[yb * r/(3W)1
J>'« ay* LVy, - y]



748 TEWARI: DOUBLET-POINT METHOD

where 0.80 -i

f ( y b + y)

yh =

Since f ( y b , y) is continuous and integrable in the range of
integration with the following property:

Km = o

then Hadamard's27 "finite part" exists for the integral in
expression (13) which is defined as follows:

4Tp." denotes the finite part of the singular integral. The
definition of the finite part27 is such that, instead of taking
the integral up to its singular limit where it would diverge,
the integrand is expanded in a polynomial series near the point
of singularity, and only those terms of the series are retained
that remain finite after integration. It is interesting to note
that, as shown by Schwartz,28 Hadamard's finite part for any
integral with first-order singularity exactly corresponds to the
Cauchy's principal-value for the same integral. Heaslet and
Lomax29 showed that Eq. (14) is also valid for a higher order
of differentiation with respect to the integration limit. By
substituting the relation

x dx

in Eq. (14), the following is obtained:

^ i -*• 2 I j _ w J •*• 2 j /-j r\

The integral on the left side of Eq. (15) is recognized as the
inner integral of I3, whose finite part can now be written as
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Fig. 4 Chordwise pressure distribution at 5% span for the rectan-
gular wing-tail configuration, wing plunging at k = 0.2, M = 1.2 (test
case I).

and is integrated in the sense of Mangier,30 as shown in
Ref. 21.

Numerical Results
In order to validate the nonplanar doublet-point method,

comparisons are presented with other methods for some test
cases. The reference length b, used in these test cases for the
reduced frequency k, is the semispan of the configurations.

73 = -2/3
h2 cos(y, - ys) + yh sin(yr - y,) dy

{y2 + [y tan(yr - ys) + h]2}\/x2 - [y tan(yr - ys) + h]2}

A half-order singularity remains in the integrand and can be
integrated in the sense of Hadamard,27 to produce

where

g(x, y) = h sin(yr - y,)cos2(yr - ys) -

B ,__________________
/- 4- Vx2 - /32{y2 + [y tan(yr - y,) + h]2}

- —— [sin2(yr - y,)cos2(yr - ys) + cos(yr - y5)]

x tan" x[h tan(yr - ys) - y sec2(y, - y,)]
- p2{y2 + [y tan(yr - %) + h]2}

In the coplanar limit (z - 0), an r~2 singularity of the kernel
appears in boxes directly downstream of the sending point,

Noncoplanar Rectangular Wing-Tail
This test case examines the nonplanar interference between

a rectangular wing and tail, with the tail separated vertically
from the wing by 0.4 units. Figures 4-6 show the chordwise
pressure distributions at 5, 45, and 95% span locations, re-
spectively, when the wing undergoes uniform plunging oscil-
lations at k = 0.2 and M = 1.2. Good agreement is observed
in these figures with the Mach box method.7 Results are ob-
tained with 200 boxes in the double-point method (DPM) and
300 boxes on surfaces (plus additional boxes in the diaphragm
region) in the Mach box method. References 19 and 20 have
also presented results for this case, but at different spanwise
locations.
Rectangular Wing with Folded Tips

Here, the nonplanar DPM is applied to a rectangular wing
of aspect ratio 4.0, with tip dihedral beginning at the mid-
semispan location. The wing is at a steady angle of attack in
a stream of M = \/2. Figure 7 shows the lift-curve slope CLa
as a function of the tip dihedral angle y. Results from Ref.
31 obtained with a Mach box method and an analytical theory32

are used for comparison. The three results are seen to be in
good agreement, although the DPM slightly underpredicts the
exact values at high fold angles. Reference 20 also presented
results for this test case.
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Fig. 5 Chordwise pressure distribution at 45% span for the rectan-
gular wing-tail configuration, wing plunging at fc = 0.2, M = 1.2 (test
case I).
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Fig. 7 Variation of lift curve-slope with fold angle for the rectangular
wing with folded-tips, k = 0, M = 1.414 (test case II).

Fig. 8 Noncoplanar swept wing-tail geometry (test case III).

Highly Swept Noncoplanar Wing-Tail
This example tests the applicability of the nonplanar DPM

to a highly swept wing-tail interference problem. The plan-
form geometry is shown in Fig. 8, with the tail separated 0.2
units vertically from the wing. The leading-edge sweep angles
of the wing and tail are 63.44 and 50.2 deg, respectively.
Results from the piecewise continuous kernel function method20

(PCKFM) are selected for comparison. The PCKFM divides
a lifting surface into several boxes whose boundaries are Mach
lines. A continuous pressure polynomial is assumed in each
box, and control points are collocated for the solution of the
polynomial coefficients. In the present example, PCKFM em-
ploys 38 unknowns in the pressure polynomial. The chord wise
pressure calculations for M = V2 and a steady angle of attack
are shown in Figs. 9 and 10 for 55 and 80% span locations,
respectively. The PCKFM is seen to produce jumps in the
pressure distribution, which are not possible in a linearized
flow, and are due to the PCKFMs allowing discontinuities in
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— PCKFM
— Present Method (10 Strips)
— Present method (20 Strips]

Fig. 9 Chordwise pressure distribution at 55% span for the swept
wing-tail configuration at a steady angle of attack, M = 1.414 (test
case III).

crease in the vertical spacing, the increment in CLa becomes
less gradual. The discrepancy between the PCKFM and DPM
results is seen to increase with hlb. This is again probably due
to the fact that while PCKFM ignores the Mach boundary
curvature, which becomes larger with increasing hlb, the DPM
accounts for this curvature correctly [Eq. (11)].

F-18 Wing with Leading-Edge Flap
Reference 16 presented results of the recently developed

ZONA51C Harmonic-Gradient program for an F-18 wing with
oscillating leading-edge flap. Figure 12 shows the planform
geometry. The flap is oscillating at k = 4.0 in a stream of M
= 1.1. Chordwise pressure (real part) distribution of Ref. 16
at 58.8% span is compared with that of the DPM in Fig. 13.
The figure shows a good agreement between the two methods
upon the pressure jump across the hinge-line. However, local
fluctuations are observed in the pressure distribution calcu-
lated by the DPM near the leading and trailing edges. Since
this is a planar case, the cause of such fluctuations does not

-PCKFM
- Present Method (10 Strips]
"Present method (20 Strips]

Fig. 10 Chordwise pressure distribution at 80% span for the swept
wing-tail configuration at a steady angle of attack, M = 1.414 (test
case III).

.PCKFM
. Present method (20 Strips)

Fig. 11 Variation of the lift curve-slope with vertical separation,
M = 1.414 (test case III).

the pressure polynomial across Mach lines.20 In contrast, the
DPM results, obtained by taking 10 and 20 spanwise grid
divisions (strips), respectively, are seen to be well behaved.
In addition, a large disagreement is seen on the tail pressures,
which appears to be largely due to an assumption in the
PCKFM20 that the Mach cone boundaries in nonplanar in-
terference can be taken as straight lines, where they are ac-
tually hyperbolae.

The variation of the overall CLa, with the nondimensional
vertical spacing hlb, is presented in Fig. 11. Both PCKFM
and DPM show that the steady CLa increases sharply as the
vertical spacing assumes a nonzero value. With a further in-
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Fig. 12 F-18 wing with a leading-edge flap (test case IV).

5 OO -i
' ' ' ZONA51C

Doublet-Point Method

GP
4.00 -

3.00 -

o
Q_

"o 2.00 -

r i.oo -

o.oo -

-i.oo
50.00 100.00 150.00 200.00

Fig. 13 Chordwise pressure distribution on F-18 wing at 58.8% span,
with the leading-edge flap oscillating at k = 4.0, M = 1.1 (test case
IV).
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lie in the nonplanar extension presented in this article. Similar
chordwise pressure fluctuations were reported by Ueda and
Dowell21 with their planar DPM on swept wings, when boxes
of low aspect ratio were used. Although an obvious solution
to this problem would seem to be the use of high aspect ratio
elements, the span wise pressure distribution would not be
adequately represented by such elements on a surface such
as the F-18 wing. Ueda and Dowell21 attributed the fluctua-
tions to high leading-edge sweep angles, arguing that the DPMs
assumption of a concentrated load within a box makes it im-
possible for a single box to account for the effect of the sweep,
since the influence of a box upon itself is always evaluated
over a rectangular averaging region (some discussion on the
averaging region can be found also in Ref. 33). However,
subsequent experiments26 with the shape of the averaging
region revealed that the fluctuations persisted (though oc-
curring at other chordwise locations) when the averaging re-
gion was allowed to have the same shape as the receiving box.
It appears that the problem is connected to the location of
the point doublet within a box, rather than the shape of the
averaging region.

The fluctuations in the pressure results of the planar DPM
are small in magnitude and do not affect the overall pressure
distribution by an appreciable extent. Therefore, they are
inconsequential to aeroelastic and flight-dynamic applica-
tions, and their presence does not detract from the usefulness
of the DPM, considering its advantages in comparison with
other schemes. However, the fluctuations point toward the
need for an analytical justification for the concept of nor-
mal wash averaging, which will lead to a unique shape of the
averaging region as well as the final location of the doublet
point in a box. The arbitrary choice of these parameters made
in Ref. 21 also restricts the DPM to boxes with equal widths.26

By choosing the correct averaging parameters, this restriction
of the supersonic DPM can be removed, thereby making it
more general in application.

Conclusions
The concepts of discrete acceleration potential doublets and

averaged normalwash are developed into a general nonplanar
supersonic doublet point method, without introducing further
approximations. The present method offers the greatest de-
gree of commonality with subsonic calculations, and its in-
corporation into a unified subsonic/supersonic code is the eas-
iest, compared with other possible approaches, differing from
the subsonic doublet-point method only in the kernel inte-
gration. Although the concept of normalwash averaging is not
established analytically, it is seen to be valid for some choices
of the averaging region. The scheme can be made more gen-
eral if an analytical justification can be obtained for the av-
eraging concept, which can lead to a unique selection of the
averaging parameters. Special features of the scheme, such
as point loads and commonality with the subsonic case, make
it attractive for efficient aeroelastic applications on general
configurations.

Table Al Series constants

c = 0.372
n
1
2
3
4
5
6
7
8
9
10
11

an
-0.24186198
2.7968027
-24.991079
111.59196
-271.43549
305.75288
41.183630
-545.98537
644.78155
-328.72755
64.279511

bn
-3.509407
57.17120
-624.7548
3830.151
-14538.51
35718.32
-57824.14
61303.92
-40969.58
15660.04
-2610.093

Appendix
The kernel function given by Eqs. (2-4) can be simplified

by using the series expansions of Laschka34 and Cunningham19

for the nonrational terms in the integrands, and expressed as
For X{ > 0

{ \e-ikX{

T, ——r- (xlR + 1)

p - ikX2

+ —— (xlR - 1) - ikA2lr +ikAJr

[w>-*vR + »-mikM*

P2x 2 , ,n . ——
[1&--?WR-*> + K&Tx3\

+ T2(3ikA2/r* - SikAJr* - ikB2/r3 + ik

For Xl < 0

r rK(x, y, z, *) = e"** T, (x/R - 1

T2e~"

1
2 A4+ 2/r2 + ikAJr - ikAJr + 2k2

~ P2x 2 , ln , ikM* 1£— - — (x/R - 1) - ——————R*r2 r 4 V R2(x + X^\
P2x 2 , tn x i*Af3 1-^— - — (x/R - 1) 4- —-————-R*r2 r* R2(x + ^2)J

r2(-4/r4 - 6k2A4/r2 -

2k2BJr2 - ikB2/r3

SikAJr*

where

A = ,t
1

ikr)XJr\
nc + ikr

an exp[ - (nc + ikr)X2lr]
= i nc + ikr

- ikr)X{lr]a
„ = i nc - //cr

n ««
« = i )2 + (krf

= n
1 2nc + ikr

= y 0
~ ~

ikr)XJr}
2nc + ikr

^ bn exp[(2nc - ikr)XJr\
« = i 2nc — ikr

4 ~ ̂  (2«c)2 + (kr)2

The coefficients c, «„, and bn are given in Table Al.
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